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JIANG-TYPE THEOREMS FOR COINCIDENCES OF
MAPS INTO HOMOGENEOUS SPACES
DANIEL VENDRU´SCOLO AND PETER WONG
Abstract. Let f, g : X → G/K be maps from a closed connected
orientable manifold X to an orientable coset space M = G/K
where G is a compact connected Lie group, K a closed subgroup
and dimX = dimM . In this paper, we show that if L(f, g) = 0
then N(f, g) = 0; if L(f, g) 6= 0 then N(f, g) = R(f, g) where
L(f, g), N(f, g), and R(f, g) denote the Lefschetz, Nielsen, and
Reidemeister coincidence numbers of f and g, respectively. When
dimX > dimM , we give conditions under which N(f, g) = 0 im-
plies f and g are deformable to be coincidence free.
1. Introduction
In classical Nielsen fixed point theory, the Nielsen number is either
zero or is equal to the Reidemeister number if the so-called Jiang
condition is satisfied. For coincidences, we say that a closed con-
nected orientable manifold M is of Jiang-type for coincidences if for
any closed connected orientable manifold X with dimX = dimM and
for any maps f, g : X → M we have L(f, g) = 0 ⇒ N(f, g) = 0 or
L(f, g) 6= 0 ⇒ N(f, g) = R(f, g) where L(f, g), N(f, g), and R(f, g)
denote the Lefschetz, Nielsen, and Reidemeister coincidence numbers
respectively. Evidently, classical Jiang spaces are of Jiang-type for co-
incidences. In addition, certain C-nilpotent spaces for the class C of all
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finite groups [7] which include coset spaces G/K of compact connected
Lie groups G by finite subgroups K and compact nilmanifolds [8] are
known to be of Jiang-type for coincidences. Recently, it was shown [15]
that orientable! coset spaces G/K of compact connected Lie groups are
of Jiang-type (for fixed points). The main purpose of this paper is to
show that orientable coset spaces are indeed of Jiang-type for coin-
cidences. We also investigate certain situations when the dimension
of the domain space is greater than that of the target space. We as-
sume that the reader is familiar with the geometric Nielsen coincidence
theory and root theory as developed in [2].
2. Coincidences of maps into homogeneous spaces
Let G be a compact, Lie group and K a closed subgroup of G. We
will assume the homogeneous space of left cosets G/K is orientable.
We denote by p : G → G/K the natural projection. In general the
projection p is a locally trivial fibration (see [12, page 675] and [11,
§7]) with fibre K and in case that K is finite it is a covering map.
The group G acts on G/K by g · g′K = gg′K and K acts on G by
k · g = gk−1. We should point out that the map p is not a K-map.
Let X be an orientable manifold and f, h : X → G/K maps. We
define q : X̂ → X to be the induced bundle over X by f i.e., X̂ =
{(x, g) ∈ X × G | f(x) = p(g)} and q(x, g) = x. By [11, §10], q is a
locally trivial fibration and X̂ is a K-space where the K action on X̂
is the diagonal action on X × G and K acts trivially on X . We have
the following commutative diagram.
X̂
bf
//
q

G
p

X
f
// G/K
Now we define a map η : X̂ → G/K by:
η(x̂) = [f̂(x̂)]−1 · h(q(x̂)).
Lemma 2.1. A point x ∈ X is a coincidence of the pair (f, h) iff for
each x̂ ∈ q−1(x), η(x̂) = eK.
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Proof: (⇒) Suppose x ∈ Coin(f, h), i.e. f(x) = h(x) , then for
each x̂ ∈ q−1(x) we have:
η(x̂) = [f̂(x̂)]−1 · h(q(x̂))
= [f̂(x̂)]−1 · h(x)
= [f̂(x̂)]−1 · f(x)
= [f̂(x̂)]−1 · f̂(x̂)K
= eK.
(⇐)
η(x̂) = eK ⇒ (f̂(x̂))−1 · h(q(x̂)) = eK
⇒ [f̂(x̂)]−1 · h(x) = eK
⇒ f̂(x̂)K = h(x)
⇒ f(x) = h(x).

Lemma 2.2. If ĉ1, ĉ2 ∈ X̂ are Nielsen equivalent as roots of η then
their projections c1, c2 ∈ Coin(f, h) are Nielsen equivalent as coinci-
dences of f and h.
Proof: Let ĉ1 and ĉ2 be two roots of η in the same Nielsen root
class. Then there exists a path γ̂ from ĉ1 and ĉ2 such that η ◦ γ̂ is
homotopic to the trivial loop at eK relative to the endpoints so that
there exists a homotopy Ĥ : I × I →M such that:
Ĥ(t, 0) = η(γ̂(t)) = [f̂(γ̂(t))]−1 · h(q(γ̂(t))), Ĥ(t, 1) = eK,
and
Ĥ(0, s) = Ĥ(1, s) = eK.
The projection γ = q(γ̂) is a path from c1 to c2 in X , and H(t, s) =
[f̂(γ̂(t))] · Ĥ(t, s) is a homotopy between h◦γ and f ◦γ relative to end-
points. This implies that c1 and c2 are in the same Nielsen coincidence
class. 
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Lemma 2.3. If c1, c2 ∈ Coin(f, h) are Nielsen equivalent then for each
ĉ1 ∈ q
−1(c1) there exists ĉ2 ∈ q
−1(c2) that is Nielsen equivalent to ĉ1 as
roots of η.
Proof: If γ is a path from c1 to c2 such that f ◦ γ ∼ h◦ γ relative to
endpoints, one can lift γ to a path γ̂ starting at ĉ1 so that γ̂(1) ∈ q
−1(c2)
and
η(γ̂(t)) = [f̂(γ̂(t))]−1 · h(q(γ̂(t)))
= [f̂(γ̂(t))]−1 · h(γ(t))
∼ [f̂(γ̂(t))]−1 · f(γ(t))
= eK.
Note that the homotopy used here is relative to the endpoints. 
Remark 2.4. These two lemmas show that there is an injection from
the (non-empty) coincidence classes of (f, h) to the (non-empty) roots
classes of η and a surjection from the (non-empty) roots classes of η
to the (non-empty) coincidence classes of (f, h).
Recall that the space X̂ is a K-space and the action of K in X̂ is
trivial on the first coordinate. From [2], an (geometrically) inessential
coincidence class is a class that disappears under homotopy.
Theorem 2.5. (1) If a coincidence class C ⊂ Coin(f, h) is (geo-
metrically) inessential then all root classes of η associated to C
by lemmas 2.3 and 2.2 are all (geometrically) inessential by a
K-homotopy.
(2) If the map η can be made root free by a K-homotopy then the
pair (f, h) can be made coincidence free.
Proof: (1) Suppose that F,H : X × I → G/K are homotopies such
that:
F (x, 0) = f(x), F (x, 1) = f ′(x),
H(x, 0) = h(x), H(x, 1) = h′(x)
and C is not related to any coincidences of h′ and f ′. Since G/K is
a manifold, it follows that one can assume the homotopy F constant
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so that F (x, t) = f(x) for all t. Let F̂ : X̂ × I → G be the constant
homotopy with F̂ (x̂, t) = f̂(x̂).
Now we define F̂ : X̂ × I → G/K by:
F̂(x̂, t) = [F̂ (x̂, t)]−1 ·H(q(x̂), t)).
The map F̂ is a K-homotopy and we have:
F̂(x̂, 0) = [F̂ (x̂, 0)]−1 ·H(q(x̂), 0)) = [f̂(x̂)]−1 · h(q(x̂)) = η(x̂),
and
F̂(x̂, 1) = [F̂ (x̂, 1)]−1 ·H(q(x̂), 1)) = [f̂(x̂)]−1 · h′(q(x̂)).
Now all root classes of η associated to the coincidence class C in the
sense of lemmas 2.3 and 2.2 will be inessential by the K-homotopy F̂ ,
that is, the the root classes of η corresponding to C are not related to
any root class of F̂1.
(2) Let F̂ : X̂ × I → G/K be a K-homotopy such that F̂(0, t) = η.
We define F : X → G/K by:
F (x, t) = [f̂(x̂)] · F̂(x̂, t) where q(x̂) = x.
If q(x̂) = q(x̂′) then there exists k ∈ K such that x̂ = (x, g) and
x̂′ = (x, gk) for some g ∈ G and k ∈ K. The homotopy F̂ is K-
equivariant and the diagram
X̂
bf
//
q

G
p

X
f
// G/K
commutes. It follows that [f̂(x̂′)] · F̂(x̂′, t) = [f̂(x̂)] · F̂(x̂, t) so that the
homotopy F is well defined.
We note that:
F (x, 0) = [f̂(x̂)]·F̂(x̂, 0) = [f̂(x̂)]·η(x̂) = [f̂(x̂)]·[f̂(x̂)]−1·h(q(x̂)) = h(x),
and if F̂(x̂, 1)−1(eK) = ∅ then we define h′ : X → G/K by:
h′(x) = F (x, 1) = [f̂(x)] · F̂(x̂, 1) 6= f(x) ∀x ∈ X
so that we have h ∼ h′ and Coin(f, h′) = ∅. 
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Thus, we have just shown that the Nielsen coincidence problem for
the pair (f, h) is equivalent to the K-equivariant Nielsen root problem
of η. More precisely, we have the following result.
Corollary 2.6. Let X,M be manifolds. Suppose M = G/K is the
homogeneous space of left cosets of a Lie group G by a closed subgroup
K. For any maps f, h : X → M we denote q : X̂ → X the induced
fibration over X of the fibration p : G → G/K by the map f and we
define the map η : X̂ → G/K by η(x̂) = [f(x̂)]−1 · h(q(x̂)). Then there
exists a pair (f ′, h′) ∼ (f, h) such that Coin(f ′, h′) = ∅ iff the map η
can be made root free by a K-homotopy in X̂.
3. Main results - codimension zero
In this section we assume that G/K and X are connected, compact,
orientable n-manifolds. For n ≥ 3 these spaces are Wecken spaces for
coincidences and if n = 1 then G/K = S1, for n = 2, G/K is the
Torus or S2 (all such spaces are Wecken spaces for coincidences). In all
cases we suppose that the coincidence classes of (f, h) are finite, then
Coin(f, h) = {c1, . . . , cr} or empty. We will follow the approach of [13]
and [15].
For every coincidence point ci, each point of the fibre q
−1(ci) is a
root and this set has the same number m of connected components as
K. Moreover, η has no other roots than these fibres.
It is easy to see that each connected component of q−1(ci) are in
the same root class of η and each root class of η is the union of some
connected components of q−1(ci1 , ci2, · · · , cil) ({ci1 , ci2, · · · , cil} a coin-
cidence class of (f, h))
Denote by Oji (1 ≤ i ≤ r, 1 ≤ j ≤ m and q(O
j
i ) = ci) each connected
component of the root set, and Oi = q
−1(ci). The fibration q : X̂ → X
is locally trivial and we can choose neighborhoods Vi ⊂ X of ci such
that Vi ∩ Coin(f, h) = {ci}, q
−1(Vi) =
m⋃
j=1
V ji ×K with O
j
i ⊂ V
j
i , then
we can see that (q|
V
j
i
)∗ : Hn(V
j
i , V
j
i \ O
j
i ) → Hn(Vi, Vi \ ci)
∼= Z is an
isomorphism.
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Let oi ∈ Hn(Vi, Vi \ ci) be the fundamental class around the coinci-
dence point ci and ô
j
i = (q|V ji
)−1
∗
(oi) (the “fundamental class” around
Oji ) and ôi =
m⊕
j=1
ôji ∈ Hn(q
−1(Vi), q
−1(Vi)\Oi) (the “fundamental class”
around Oi).
Define the local root index of Oi with respect to η to be the integer
ωK(η;Oi) that is the image of ôi by the map:
Hn(q
−1(Vi), q
−1(Vi) \ Oi)
η∗
−→ Hn(M,M \ eK) ∼= Hn(M) ∼= Z
Similarly for each j, we define ωK(η;O
j
i ) by the image of ô
j
i by the
restriction of η∗ to Hn(V
j
i , V
j
i \ O
j
i ).
Since η is K-equivariant, we have ω(η;Oj1i ) = ωK(η;O
j2
i ) for 1 ≤
j1, j2 ≤ m. Then we conclude ωK(η;Oi) = m · ω(η;O
1
i ).
Since q−1(ci) has the same number, m, of connected components of
K, we denote by O1i the one associated with the connected component
of K that contains e ∈ G.
Lemma 3.1. The local coincidence index of ci with respect to (f, h) co-
incides with the local root index of O1i with respect to η, i.e., ind(f, h; ci) =
ωK(η;O
1
i ).
Proof: Let σ : (∆n, ∂∆n)→ (X,X \ci) be a singular n-simplex such
that [σ] = oi ∈ Hn(X,X \ ci) and let σ̂ : (∆
n, ∂∆n) → (X̂, X̂ \ O1i ) be
a lift of σ i.e. qσ̂ = σ. Then [σ̂] = o1i ∈ Hn(X̂, X̂ \ O
1
i )
We know ind(f, h; ci) = [(fσ, hσ)] ∈ Hn(M ×M,M ×M \∆M) and
ωK(η;O
1
i ) = [(f̂ σ̂)
−1 · hσ] ∈ Hn(M,M \ eK).
Now if τt is a homotopy from (f̂ σ̂)
−1 to the constant map at eK, we
can see that the homotopy [(τf · fσ, τt · hσ)] implies that [(fσ, hσ)] =
[eK, (f̂ σ̂)−1 · hσ)].
Then we just note that the map ξ : (M,M \eK)→ (M×M,M×M \
∆M) defined by ξ(x) = (eK, x) induces an isomorphism on homology,
therefore ind(f, h; ci) = ωK(η;O
1
i ). 
For any i, j, Oji is homeomorphic to O
1
i by an orientation preserving
homeomorphism which preserves the root index. Thus, we have
Corollary 3.2. ind(f, h; ci) = ωK(η;O
j
i ), ∀j 1 ≤ j ≤ m.
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Lemma 3.3. If ωK(η;O
j
i ) = 0 for some j, then ωK(η;O
l
i) = 0 for all
1 ≤ i ≤ r and 1 ≤ l ≤ m. If ωK(η;O
j
i ) 6= 0, then
ωK(η;O
j
i ) · ωK(η;O
l
s) > 0 for all 1 ≤ s ≤ r and 1 ≤ l ≤ m.
Proof: It is straightforward to verify that the proof presented in
[15, Lemma 2.1] remains valid under our hypothesis if we replace the
map ϕ there by our map η. 
Corollary 3.4. All non-empty coincidence classes of the pair (f, h)
have either index zero or index of the same sign.
Proof: It follows from Lemmas 3.1 and 3.3. 
Our main result in this section is that L(f, h) 6= 0 ⇒ N(f, h) =
R(f, h). We know that for each Reidemeister coincidence class we can
associate one (possible empty) Nielsen coincidence class. This cor-
respondence depends on many choices (base points, lifts, etc.). We
established that all non-empty classes have index of same sign and the
next lemma shows that the inessential classes can be considered as
non-empty.
Lemma 3.5. Given β ∈ pi1(M) and a pair of maps f, h : X → M
such that X and M are connected manifolds, there exists a map h′ ∼ h
and a point x1 ∈ Coin(f, h
′) so that the coincidence class to which x1
belongs is associated to the Reidemeister class of β.
Proof: Suppose that Coin(f, h) 6= ∅ and Coin(f, h) 6=M . Let x0 ∈
Coin(f, h) and choose x1 ∈ (M \Coin(f, h)) and a path γ : [0, 1]→ X
such that γ(0) = x0 and γ(1) = x1.
Let Bh(x1) be an open neighborhood of h(x1) such that f(x1) /∈
Bh(x1). The connected component O of h
−1(Bh(x1)) that contains x1
is an open set and there exists an open neighborhood Bx1 of x1, such
that:
(1) Bx1 ⊂ O;
(2) Bx1 is homeomorphic under ψ to the unit ball B(0, 1) (of same
dimension of X) such that ψ(x1) = 0.
(3) Bx1 ∪ Coin(f, h) = ∅ (since Coin(f, h) is a closed set).
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For each point x ∈ Bx1 define x∂ ∈ ∂B(0, 1) as the image of ψ(x) by
the radial projection, then there exists a unique tx ∈ [0, 1] such that
ψ(x) = tx · x∂ .
Now we define h′ : X →M by
h′(x) =


h(x) if x ∈ X \Bx1
h(ψ−1((1− 4tx) · x∂)) if 0 ≤ tx ≤ 1/4
h(γ(2− 4tx)) if 1/4 ≤ tx ≤ 1/2
β(4tx − 2) if 1/2 ≤ tx ≤ 3/4
f(γ(4tx − 3)) if 3/4 ≤ tx ≤ 1.
It is easy to see that h′ is the desired map.
If Coin(f, h) 6= ∅ then a similar homotopy can produce a coincidence
point and if Coin(f, h) = M then a local small deformation of one of
the maps is enough. 
Theorem 3.6. Let G be a compact connected Lie group, K a closed
subgroup and M = G/K the homogeneous space of right cosets. As-
sume that M and X are orientable n-manifolds and that X is compact.
For any maps f, h : X → M we have:
(1) L(f, h) = 0⇒ N(f, h) = 0
(2) L(f, h) 6= 0⇒ N(f, h) = R(f, h).
Proof: Lemma 3.5 and Corollary 3.4 show that if one Reidemeister
class is associated with an empty Nielsen class then all Nielsen classes
have index zero (it is simple to see that the coincidence produced in
Lemma 3.5 has index zero). Now we complete the proof by recalling
that L(f, h) =
∑
ind(f, h;Ci). 
Remark 3.7. In [7], it was shown that a closed orientable C-nilpotent
manifold whose fundamental group has a center of finite index is a
Jiang-type space for coincidences. While orientable coset spaces G/K
may well be such a space but we are unable to verify at this point.
Moreover, our approach of studying equivariant roots of the K-map η
has the advantage of allowing us to study positive codiemnsional coinci-
dence problem as we illustrate in the next section whereas the approach
of [7] is restricted to codimension zero situation.
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4. Positive codimension
In this section the Lie group G is not necessarily compact and the
homogeneous space G/K and the manifold X can be non-orientable.
In this situation, the classical Lefschetz coincidence number is not well-
defined while the Nielsen coincidence number can be defined using the
geometric concept of essentiality of [2].
Theorem 4.1. Let X,M be manifolds. Suppose M = G/K is the
homogeneous space of left cosets of a connected Lie group by a closed
subgroup K and X is compact. Let f, h : X → M be maps. Suppose
there exists a map f̂ such that the following diagram is commutative.
G
p

X
bf
<<
z
z
z
z
z
z
z
z
z f
// G/K
If N(f, h) = 0 (the “geometric” Nielsen number) then there exist a map
h′ ∼ h such that Coin(f, h′) = ∅
Proof: First, we define η : X → G/K by η(x) = [f̂(x)]−1 · h(x) and
we note that Lemmas 2.1, 2.3, 2.2 and Theorem 2.5 hold true for this
map η (and there is no action of K).
By Lemma 2.5 and [1], N(f, h) = 0 ⇒ N(η; eK) = 0 (the Nielsen
root number).
Now we use the results of [9] to obtain a homotopy Ĥ : X × I → M
such that :
Ĥ(x, 0) = η(x), and Ĥ(x, 1) 6= eK ∀x ∈ X,
it means that the map Ĥ(x, 1) : X → M is root free with respect to
the point eK ∈M . Now we use Corollary 2.6. 
Remark 4.2. If f is the projection from G to G/K, the first part of the
hypothesis of Theorem 4.1 is satisfied (one can lift the map f putting
f̂ = id). If we study self-coincidences of the projection, the map η will
be the constant map. If N(η; eK) = 0 then we can conclude that there
exist p′ ∼ p such that Coin(p, p′) = ∅ (this case is covered by [4, Propo-
sition 2.3]). This suggests a different approach to the self-coincidence
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problem studied in [4] in which primary and higher obstructions are the
principal tools. This will be the objective of our future work.
Remark 4.3. The existence of f̂ in the hypothesis of Theorem 4.1 can
be determined using classical obstruction theory to lifting as in [12].
Next, we apply our techniques to coincidences into suitable mani-
folds. For a manifold M , e ∈ M , and G(M) the group of all homeo-
morphisms of M , we say (see [6]) that M is suitable if there exists a
continuous map θ :M → G(M) such that:
θ(x)(x) = e and θ(e) = idM .
Brown [3] showed that on a suitable manifold M there exists a mul-
tiplication such that:
(1) x · e = x, ∀x ∈M ;
(2) given a, b ∈M, ∃x ∈M such that a · x = b;
(3) x · y = x · z ⇒ y = z, ∀x, y, z ∈M .
and that for compact manifolds the existence of this multiplication is
equivalent to the definition. Moreover Brown notes that for each x ∈M
there exists a unique inverse x−1 such that x · x−1 = e.
Let X be a compact manifold, M be a suitable manifold and f, h :
X → M be maps. We define η : X → M by η(x) = (f(x))−1 · h(x)
and it is easy to see the arguments used in section 2 can be used
under these hypotheses showing that there exists a bijection between
the coincidence classes of (f, h) and the root classes of η. Furthermore,
the proof of Theorem 4.1 remains valid even for a non-compact suitable
manifold M .
Theorem 4.4. Let X,M be manifolds such that X is compact and M
is suitable. If f, h : X → M are maps such that N(f, h) = 0 (the
geometric Nielsen number defined in [1]) then there exist a map h′ ∼ h
such that Coin(f, h′) = ∅.
Remark 4.5. We should point out that a Lefschetz type coincidence in-
dex homomorphism was developed in [10] for the setting of the positive
codimension coincidence problem. In particular, a formula for the Lef-
schetz coincidence index homomorphism was obtained in [10, Theorem
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7.1] when the target is a suitable manifold. However, the vanishing of
this index homomorphism does not guarantee the vanishing of N(f, h).
Acknowledgment. We thank the anonymous referee for his/her re-
marks that help improve the exposition of the paper, in particular, the
proof of Lemma 3.1.
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